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Abstract. A direct derivation is given of the classic hydrogen atom spectrum (including
the degeneracy of the levels) from the four-dimensional harmonic oscillator problem by
performing a generalised trace operation to the latter where the initial states are related
to the final states by a phase transformation.

1. Introduction

The purpose of this work is to derive the classic hydrogen-atom spectrum (including
the degeneracy of the levels) directly from the four-dimensional (Duru and Kleinert
1982, Kustaanheimo and Steifel 1965) harmonic oscillator problem without solving
the eigenvalue problem of the Schrodinger equation (or of the Green function) or
without working out its equivalent functional path integral (Feynman and Hibbs 1965).
Duru and Kleinert (1982) have recently reconsidered this problem from the path
integral formulation in an intriguing but, unfortunately, quite complicated paper. Our
approach is the following. First we relate (§ 2) the Green function of the hydrogen
atom to the Green function of the four-dimensional harmonic oscillator by using, in
the process, the four-dimensional variables introduced by Kustaanheimo and Steifel
(1965) and Duru and Kleinert (1982). Finally we work out a generalised trace operation
(§ 3) for the four-dimensional harmonic oscillator, where the final states are related
to the initial states by a phase transformation. Using this expression in the Green
function of § 2, we obtain in § 4 the energy levels and the degree of degeneracy of the
hydrogen atom. The simplicity of this approach is that we do not have to solve for
the Green function of the hydrogen-atom problem and we do not need any information
on the eigenfunctions or their relations to the eigenfunctions of the harmonic oscillator.

2. Relation of the Green function to the harmonic oscillator one

We consider the four variables (Duru and Kleinert 1982, Kustaanheimo and Steifel
1965)
u,=+rsin(30) cos[Xa + ¢)] u; =+r cos(38) sin[3(a — ¢)]

u; =+r cos(36) cos[3(a — ¢)] u,=rsin(36) sin [« + ¢)]
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and the three-dimensional variables
x=rsin 6 cos ¢ y=rsin #sin ¢ z=rcos 6 (2)

and we note that
4
r=Y ui=u’. (3)
t=1

The Jacobian of the transformation (r, 6, ¢, o) (u,, u,, us, u;) is given by
rsin 8/16. The range of the fourth variable « is from 0 to 47 so that the volume of
space associated with the following integrals is preserved:

R 1 2 47 VR
J drr? J d(cos 9) J de _( da=16 27 J wu’ du="2m’R (4)
0 -1

0 9] 0
where we have used (3) and the expression for the Jacobian. The Dirac delta functions
are related through
8*(u—u')

8 r—-r)é(a—a’)= T6u?

(5)

so that when we integrate over d’r da - 16u’ d*u we get unity. From (5) we obtain
upon integration over a, the expression for the three-dimensional delta function:
4 64 u__ur
53(r—r')=ﬁJ‘ da—(z—). (6)
o u
The Laplacian operators are readily worked to be related by the equation

18 1,

Vit —— —=—s
r’sin’ 0 g’ 4u® 0
where
, &
Vi=) —
p ,; pw; (8)
and V’ is the three-dimensional Laplacian written in spherical coordinates.
The Green equation of the hydrogen atom may be written as (h=1):
H a VZ ' 4 ’ 0
—i———+U(r}))G(x,x")=86"(x—x"} x'=t (9)
at 2m
with U(r)=~2Ze*/r, x =(x° r), and we may write the Fourier integral
' dko + 10 0 10 ’ 0
G(x,x")y= —2——exp[1k (x"=x"Y]G(r, r; k) (10)
w
leading to the equation
v Ze?
(ko——~ )G(r,r’; K =8%(r—r). (11)
2m r
In this equation —k”= E denotes the energy.
Similarly we define a Green function H(u, u'), where u = (x°, u),
' dKO . 0 0 10 0
H(u,u')= Zym expliK (x"—x"")]H(u, u'; K"). (12)



On the spectrum of the hydrogen atom 5567

The expression for the Laplacian operators in (7) and equation (11) suggests the
following equation for H(u, u’; K°):
(=Vi/2u+k°u?—Ze*YH (u, u'; —Ze*) = 8*(u—u') (13)

where we note that k® does not play the role of energy here but replaces the familiar
expression pw?/2 in the (four-dimensional) harmonic oscillator problem and u =4m.
To relate G(r, r'; k°) and H(u, u'; —Ze?), we carry out a Fourier transform for the
latter, i.e. we write

. 4 & . , o,
H(uu',—Ze’)=— Y exp[iM(a—a')/2]Hy(r ) (14)
T M=-x
where
47
Hy,(r, r’)=,'6J' da exp(—iMa/2)H(u, u'; —Ze*) (15)
0
and the latter must satisfy the equation
2 2
(2o 28
“ rsin” 6 r

>HM(r,r’)=53(r—r’) (16)

so that (13) is verified, by using equation (5) and the property

16787 (r = 1) i exp[iM(a—a')/2]

=16r8°(r—r)8(a—a’)

M=-tx 4
=8%u—u). (17)
With u =4m, we note from (11) that
Gir, ¢, kY= Hy(r, ¥) (18)

and from (15) we obtain for the Green function in question

497
G(rr; k%) =15 J da H(u(r, a), u(r, a'y,— Ze*) (19)
C

)

where we have used the notation u=u(r, a), u' =u{r', a’).
We take the trace of (19) with respect to r’ and we use the translational invariance
of H(u,u'’; —Ze®) in the transformation e > a +8, a’» o'+ & to obtain

T

1 4 s ,
J' & G(r', v k) =—J’ da J w?d*n Hu',,u'; ~Ze?) (20)
R’ 4 ¢ R*

)

where u', denotes 4’ with «' in the latter displaced by «, i.e. @' > o'+ a. Equation (20)
will be used in § 4 to obtain the spectrum of the hydrogen atom.
3. Generalised trace operation for the harmonic oscillator

The eigenfunction of the one-dimensional harmonic oscillator may be written as

¢a(x) = (nw/m)""* exp(—pwx’/2)H,((pew)"*x) n=0,1,2,... (21)
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with mass u, where H,(x) are the Hermite polynomials having an integral representa-
tion (Gradshteyn and Ryzhik 1965, p 1033)

=(j); J:X(xﬂ-it)"e":dt. (22)

The two-dimensional harmonic oscillator Green function may be written in the
familiar form

H,(x)

S5 exploiwT(m+na+ 1) (X)) (%2 dn () bn(v2) (23)

n =0 ny=0

with T=1t,~1t,, and with w(n,+n,+1) denoting its energy levels. Upon using the
integral representation (22), one readily obtains the well known expression for the
Green function (23):

(nw/ ) exp(—iwT) exp[—pw(xi+x3+ yi+y3)/2]

X ex (_ po(xi+ X%+}'f+,v§)exp(—2iw7‘))
P [1-exp(-2iwT)]
2pw (X1, + X5),) CXp(—Zin))
xexp( [1—exp(—2iwT)] (24)

The usual trace operation in (24) is defined by setting x, = y,, x, =y, and integrating
over x; and x, (-0 <x, <, —c<x,<oc). We define a generalised trace operation
through the following. We set

x;=(1/V2)(U+ U*) x,=(=i/¥2)(U - U*) (25)
and
_explia/2) exp(—ia/2) " __.explia/2) .exp(—ia/2)U*
=T Ut b =iy U V2
(26)

where o is an arbitrary real number. We note that

X1t X3+ yi+yi=2xi+x3)
o 27)
Xy, + Xy, = (x7+ x3) cos (sa ).
Upon using (27) in (24) and carrying out the elementary Gaussian integrals over x,
and x, (-0 < x, <o, -0 < x, <), we obtain for the integral of (24) the expression

exp(—iwT)[1+exp(=2iwT)~2exp(—iwT) cos (3a)] ' =4[cos (wT) - cos (a)] "
= —i[sinGoT +ia) sin(fwT —la)]™!

__exp[-iGwT +3a)]exp[-i(iwT —ja)] .
1= exp[i(wT +la) JH1 —exp[—i(wT —ta)]} )
We may rewrite (28) in the form of a double series to obtain toi the generalised
trace of the two-dimensional Green function in (24):

Y Y expl—iwT(n +ny+1)] expl—ita(n, —ny)] (29)

ny=0n=0

where « is an arbitrary real number.
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We note that the four variables u,, u,, u;, u, defined in (1) may be rewritten as

__exp(ia/2) exp(—ia/2)
e \/2 Ul+ \//2

Ut

Uy = ———explia/2) Us+ = exp(—ia/2) U* (30)
N2 vz

_ explia/2) U +exp(—ia/2)

7 7 U
V2 N V2

oy

3

Us= - exp(ia/2) U+ exp(~ia/2) Uf
N) V2

in terms of variables U,, U¥, U,, U¥, with the latter independent of . Upon com-
parison of (30) with (26), we conclude upon squaring (29) that the generalised trace
of the four-dimensional harmonic oscillator is given by

J d*uw H(u'., u)
RJ

-3 3

n=0n=0n

exp[—iwT(n,+ny+ny+n,+2)]
4]

sk
el

On
Xexp[—i%a(nl—n2+n3—n4)] (31)

where u’, is defined below equation (20). What is needed in (20) is the expression for
fu?d*w H(w',, ). But this is easy to obtain as we may modify the harmonic oscillator
potential pw u®/2 to pwiu’/2 where w,=(w +2A/u)"?, take the partial derivative
(i/ T)a/3A of (31) and then set A =0. This leads to

J d*u’' u*H(u',, u')
R4

S (n,+n,+ns+n,+2)

= Y e exp[—iwT(n;+n,+ny+n,+2)]
Hyyooaony=0
xexp[~isa(n, —n,+ n,—ny)l. (32)

From the definition of the integral in (12), we then obtain
J’ d4u'u/2H(uL,u'; K())
R4

e i (n +natny+ny+2) exp[—iza(n —na+ny—n,)] (33)
1w u. Thi-o [K(J+w("|+”2+n3+n4+2)_i6]

with T =x"-x".

4. The hydrogen atom

According to (20), we have to integrate (33) over a thus leading to

1 4o .
—J- de J‘ d*u' u Hu',, u'; K)
47 J, R*

1 (n,+n,+ny+n,+2)

Cipw 0" o KO+ w(n tnatnytng+2)—ie)

(34)
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where =* stands for a sum over all non-negative integers n,, n,, ny, n, such that
ny—ny,+n;—n,=0. By setting n,+n;=n,+n,=n—1, we obtain for (34):

l & 2n?

. 35
i 2 pe(K°+2nw—ie) (35)
Upon making the identification K= -Ze®, u =4m, luw’=k°, we obtain, from (20)
and (35),
L& n 1
G, P kN == - — . (36)
J'R.w i Z, WK (VK®=v2mZe?/2n —ie)
Near the poles this is given by the formal expression
1 & :
§ (37)

120 (K= Z%* m/2n* —ie)
leading to the classic hydrogen-atom energy levels
Ze*m

-k°=E, = . =1,2,...
2n” "

with a degree of degeneracy n’.
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